the other -hand, W. R. Hamilton did not use the term group but favored the use of his own term quaternions for the development of a theory based upon the special abstract group of order S which-involves 6 operators of order 4. The associative law was later very commonly embodied in the definitions of an abstract group and the development of these groups did much to emphasize the fundamental importance of this law. These observations in regard to W. R. Hamilton seem to imply that the theory of abstract groups may reasonably be regarded as about ten years older than the assumption that A. Cayley was the founder of this theory would imply. Implicitly, W. R. Hamilton emphasized the importance of the quaternion group in his Lectures on Quaternions, page xxvi (1853).
Dickson,I using cyclotomic integers, obtained an inferior limit for the number of solutions of the congruence xe + ye + ze 0 (mod p)
(1) where e and p are given primes with xyz = 0 (mod p). Hurwitz2 gave superior and inferior limits for the number of solutions of the congruence axe + bye + czc O (mod p),
where abcxyz X 0 (mod p). Recently, the writer has considered generalizations of these results and has arrived at limits both superior and inferior, for the number of solutions of the equation ClXla + CXa2 + ... + C,Xs + cS+ = 0 (3) in the x's, where the a's are integers such that 0 < a . pt-1; s > 2; the c's belong to a finite field of order pt, p prime, which will be designated by F(p'); and C1C2... CsXlx2 ... Xs $ 0 in F(p'). As a corollary to this it is possible to show that if we take the c's in (3) as rational integers and put t = 1, so that we have a congruence modulo p in effect, then for p sufficiently large the congruence has solutions, with the x's all prime to p. There is a similar theorem involving algebraic numbers. However, in the present paper we shall confine ourselves to the derivation of certain quadratic relations between the numbers of solutions, xm, yi, of trinomial equations of the type 1 + axm = bytm (3a) for various values of a and b in F(pt), abxy 0, 'as given in Theorem I. Other quadratic relations connecting such solutions have been given before,3' 4 but those given here are of a quite different character, and they will be used in another paper in the proofs of the results concerning (3) 
Also we have4 employing (8a) and (4a). We now simplify (7) under the assumption that a -0 (mod m). Using (7), (8), (9) and (10) For the case where a = 0(mod m) we obtain in -the same way that (9) was derived Cw =1,d 0(modm). 
if h-k (mod m). 1 Crelle, 135, 181-188 (1909) . -Cf. also Pellet, Bull. Math. Soc. France, 15, 80-93 (1886) .
Partial differential equations of hyperbolic type are habitually treated by the introduction of characteristic coordinates. When such equations occur in physical problems their solutions in the large are necessarily demanded. In spite of this fact the existence of characteristic coordinates appears to be established only locally. We shall here give conditions for the existence of a (1, 1) differentiable transformation defining the characteristic coordinate system in the large. The form of these conditions is suitable for practical application but such applications of the theorem will not be included in this communication.
Let D be an open simply connected two dimensional domain, finite or infinite, referred to a system of rectangular coordinates xa. At each point of D characteristic directions X are defined as the solutions of the equation = 0 in which the summation is over the values 1, 2 of the indices and it is supposed that the coefficients gag3 are continuous and have continuous first partial derivatives in D. Assuming det. lg,df| < 0 (hyperbolic case) there will be exactly two distinct characteristic directions at each point of D and these directions will generate two families or congruences of characteristic curves each of which will, cover D completely.
In fact-any point P of D is contained in a local co6rdinate system, e.g., a
